For the practical aspects of these applications it is important that the constructions of global function fields with many rational places are explicit, in the sense that they yield descriptions in terms of generators and defining equations. The constructions by Serre [16] [17] [18] [19] use class field theory and are thus not explicit. More attention is now devoted to the desideratum of obtaining explicit constructions. Typical explicit constructions use ArtinSchreier extensions (see Garcia and Stichtenoth [2] and Niederreiter and Xing [10] , [11] ), Kummer extensions (see Voß and Høholdt [24] and Xing [25] ), and subfields of cyclotomic function fields (see Niederreiter and Xing [10] and Quebbemann [13] ).
The present paper can be viewed as a continuation of the work in [10] which led to a catalog of explicitly constructed global function fields over the binary field F 2 with many rational places. We now extend this work to other small finite fields F q that are of practical interest, specifically for q = 3, 4, 5. We employ various methods based on Artin-Schreier extensions, Kummer extensions, cyclotomic function fields, and in some cases also Hilbert class fields. Except for the examples based on Hilbert class fields, all global function fields are explicitly constructed, but in some examples using cyclotomic function fields one may need a computer algebra system to calculate the defining equation. Some examples are quite straightforward, but others require detailed arguments to validate them. In Section 2 we recall the necessary background on cyclotomic function fields and Hilbert class fields and in Sections 3, 4, and 5 we present our examples for the cases q = 3, 4, and 5, respectively.
Background on cyclotomic function fields and Hilbert class fields.
Let B = F q [x] be the polynomial ring over F q and F = F q (x) the rational function field. We will often use the convention that a monic irreducible polynomial P in B is identified with the place of F which is the unique zero of P , and we will denote this place also by P . It will also be convenient to write ∞ for the "infinite place" of F , that is, for the place of F which is the unique pole of x. For an arbitrary place Q of a global function field we write ν Q for the normalized discrete valuation corresponding to Q.
We briefly describe the theory of cyclotomic function fields as developed by Hayes [4] . For a fixed algebraic closure F ac of F , let µ ∈ End F q (F ac ) be given by
There is a ring homomorphism
The F q -vector space F ac is made into a B-module by
This B-module is a Carlitz module, which is the simplest type of Drinfeld module; see Carlitz [1] and Hayes [4] , [6] . For any monic polynomial M ∈ B we define the B-module 
where d 1 , . . . , d r are the degrees of the distinct monic irreducible polynomials over F q dividing M . There is a special subgroup of B * M consisting of all residue classes c with a nonzero c ∈ F q ; we denote this subgroup by F * q . For a finite abelian extension E/K, a place P of K, and a place Q of E lying over P , the decomposition group of Q over P depends only on P and E/K, but not on Q, and so we can call it the decomposition group of P in E/K. This subgroup of Gal(E/K) fixes a subfield of E/K which we call the decomposition field of P in E/K. It is a well-known fact (see e.g. [20, Theorem III.8.3] ) that for an intermediate field L of E/K, the place P splits completely in L/K if and only if L is contained in the decomposition field of P in E/K. For the convenience of the reader we also state the following results from Hayes [4] , [5] .
for some integer n ≥ 1 and some monic irreducible polynomial P over F q of degree d. Then: 
with respect to the place P. If λ ∈ F M is a root of f (z) and Q is the unique place of F M lying over P , then λ is a Q-prime element, i.e., ν Q (λ) = 1.
Next we recall some pertinent facts about Hilbert class fields. A convenient reference for this topic is Rosen [14] . Let L be a global function field with full constant field F q and assume that N (L) ≥ 1. We distinguish a rational place P ∞ of L and let A be the P ∞ -integral ring of L, i.e., A consists of the elements of L that are regular outside P ∞ . Then the Hilbert class field H P ∞ of L with respect to P ∞ is the maximal unramified abelian extension of L (in a fixed separable closure of L) in which P ∞ splits completely. The extension H P ∞ /L is finite and its Galois group is isomorphic to the fractional ideal class group Pic(A) of A, which in the case under consideration (P ∞ rational) is isomorphic to the group Div
, and the Artin symbol of P for the extension H P ∞ /L is equal to τ P . The place P corresponds to the divisor class of P − deg(P )P ∞ in Div 0 (L). Next we prove two theorems on which several of our examples are based. 
P r o o f. It follows from the conditions on P and P ∞ that rP − rP ∞ is a principal divisor of L. Moreover, the condition on the gap numbers of P implies that, for each 1
. Let H P ∞ be the Hilbert class field of L with respect to P ∞ and let K be the
From the definition of the Hilbert class field we get that P ∞ splits completely in K/L, and by considering the Artin symbol we see that P also splits completely in K/L. Thus N (K) ≥ 2h(L)/r. Furthermore, the extension K/L is unramified, and so the Hurwitz genus formula yields
whence the formula for g(K) in the theorem. Next we note that a rational place Q = P, P ∞ of L splits completely in K/L if and only if the divisor
for some integer n with 0 ≤ n ≤ r − 1, and this condition can be written as
. But this identity is impossible for n = 0 by the Weierstrass gap theorem and for 1 ≤ n ≤ r − 1 by the condition on the gap numbers of P . Therefore
R e m a r k 1. If the degree r is a prime and we drop the condition on the gap numbers of P in Theorem 1, then we can still conclude that N (K) ≥ 2h(L)/r and that N (K) is a multiple of h(L)/r, with g(K) being given by the same formula as in Theorem 1.
R e m a r k 2. The same conclusion as in Remark 1 can be reached if we assume that L is an arbitrary global function field with full constant field F q , that P and P ∞ are two different rational places of L, and that r is the least positive integer such that rP − rP ∞ is a principal divisor of L. 
P r o o f. Let P ∞ be a rational place of L lying over a rational place of L 1 and let H P ∞ be the Hilbert class field of L with respect to P ∞ . Then
Since the extension K/L is unramified, the Hurwitz genus formula yields
and the formula for g(K) in the theorem follows.
We will not review the theory of Artin-Schreier extensions and Kummer extensions since an excellent summary of it can be found in the book of Stichtenoth [20, Section III.7] .
We recall from Section 1 that N q (g) is the maximum number of rational places that a global function field with full constant field F q and genus g can have. Values or upper bounds for N q (g) are tabulated in Serre [16] [17] [18] [19] ; see also Niederreiter and Xing [11] . A global function field K with full constant field F q and genus g is called optimal if N (K) = N q (g) . The trivial optimal function field K = F = F q (x) with g(K) = 0 and N (K) = q + 1 will not be listed among the following examples.
3. The case q = 3. In this section we list examples of global function fields K with full constant field F 3 and many rational places. Most of these examples are obtained by an explicit construction. We summarize the results in the following table. An entry that corresponds to an optimal function field is marked with an asterisk. 
In the Kummer extension K/F , the places x, x+1, and x−1 split completely and the place ∞ is totally ramified. The only other ramified place of K is lying over x 3 − x + 1. This example is well known.
All rational places of F split completely in the Kummer extension K/F . The only ramified place of K lies over
In the Artin-Schreier extension K/F , the places x, x + 1, and x − 1 split completely and the place ∞ is totally ramified. This example is listed in Serre [19] .
All rational places of F split completely in the Artin-Schreier extension K/F . The only ramified place of K lies over x 2 + 1.
In this tower of Kummer extensions, the places x, x + 1, and x − 1 split completely in K/F . The first Kummer extension is the one from Example 3.1.
Note that L = F 3 (x, y 1 ) is the field in Example 3.1. The rational places of L are P ∞ , the unique place lying over ∞, and P 1 = (0, 1), P 2 = (1, 2),
Therefore, the places P 3 , P 4 , P 5 , and P 6 split completely in the ArtinSchreier extension K/L and P 1 is totally ramified in K/L. Furthermore, a short calculation yields
and so P ∞ is also totally ramified in K/L. (i) and (ii) of Proposition 1 we know that P is the unique ramified place in K/F and that it is totally and tamely ramified. Moreover, the place ∞ splits completely in K/F . Since x ∈ H, a consideration of the Artin symbol of the place x shows that x also splits completely in K/F . The genus of K is obtained from the Hurwitz genus formula, in the form given in [20, Theorem III.4 .12], which yields 2g
This example was already given in the appendix of [9] . Note that L = F 3 (x, y 1 ) is the field in Example 3.1. The places x and x − 1 split completely in K/F and ∞ is totally ramified in K/F . The two places of L lying over x + 1 are totally ramified in the Artin-Schreier extension K/L.
This example was also given in the appendix of [9] . For L = F 3 (x, y 1 ) we have g(L) = 1 and N (L) = 7. The places x and x − 1 split completely in the Artin-Schreier extension L/F and ∞ is totally ramified in L/F . The places of L lying over x or x − 1 split completely in the Artin-Schreier extension K/L and the unique place of L lying over x + 1 has degree 3 and is totally ramified in K/L. If P ∞ is the unique place of L lying over ∞, then ν P ∞ (y 1 ) = −2 and a straightforward calculation shows that 
It follows then from [20, Proposition III.5.12] where the last identity is obtained from Proposition 1(ii). Hence we get g(K) = 10.
We Example 3.12.
Then g(L) = 2 and N (L) = 6, with the places x + 1 and x − 1 splitting completely in the Kummer extension L/F and x and ∞ being totally ramified in L/F . Furthermore, L has exactly four places of degree 2. Thus we get h(L) = 22. Now it suffices to invoke Theorem 1 with r = 2. The condition on the gap numbers of P in Theorem 1 follows from the Weierstrass gap theorem.
Then g(L) = 2 and N (L) = 6, with the places x + 1 and x − 1 splitting completely in the Kummer extension L/F and x and ∞ being totally ramified in L/F . Furthermore, L has exactly six places of degree 2. Thus we get h(L) = 24. Now it suffices to invoke Theorem 1 with r = 2. The condition on the gap numbers of P in Theorem 1 follows from the Weierstrass gap theorem. , it is easily seen that |H| = 54. We also have F * 3 ⊆ H and [K : F ] = 9. By Proposition 1(i), the place ∞ splits completely in K/F . By considering the Artin symbols, we see that the places x + 1 and x − 1 also split completely in K/F . Furthermore, the place x is totally ramified in K/F by Proposition 1(ii). To calculate the genus of K, we consider the extension E/K. Let Q be the unique place of K lying over the place x and R the unique place of E lying over Q. Then, as in Example 3.10, we obtain that the different exponent d(R|Q) of R over Q is given by
where λ ∈ Λ x 6 is a root of f (z) = z Example 4.1. g(K) = 1, N (K) = 9, K = F 4 (x, y) with
The places x, x+1, x+α, and x+α+1 split completely in the Artin-Schreier extension K/F and the place ∞ is totally ramified in K/F . This example is a special case of [20, Example VI.4.2].
All rational places of F split completely in the Artin-Schreier extension K/F . The only ramified place of K lies over x 3 + x + 1. This example was given by Serre [19] . The place ∞ splits completely in K/F by Proposition 1(i), and a consideration of the Artin symbol shows that the place x also splits completely in K/F . By Proposition 1(ii), P is the unique ramified place in K/F and it is totally and tamely ramified. Thus, the Hurwitz genus formula yields 2g(K) − 2 = −2 · 7 + 3 · (7 − 1), i.e., g(K) = 3. An example obtained from a Klein curve is listed in Serre [19] .
Let L = F 4 (x, y 1 ) be the field in Example 4.1. Then, using the notation in Example 3.6, the four places of L given by (0, 0), (0, 1), (α, α), and (α + 1, α + 1) split completely in the Kummer extension K/L. The place of L lying over ∞ and the two places of L lying over x + 1 are totally ramified in K/L. This example is equivalent to one given by Voß and Høholdt [24] . and ∞ split completely in K/F and the place x is totally ramified in K/F . This example is a member of the family of function fields constructed by Quebbemann [13] . M is 14, we have x, x + 1 ∈ H, and so the places x and x + 1 split completely in K/F . Furthermore, the place ∞ splits into three rational places of K, each with ramification index 3, and the place x 3 + x + 1 is totally and tamely ramified in K/F . Thus, the Hurwitz genus formula yields 2g
, and N (L 1 ) = 3. Furthermore, L 1 has exactly three places of degree 2. Then h(L)/h(L 1 ) = 7 in the notation of Example 4.6. Now it suffices to invoke Theorem 2.
Example 4.9. g(K) = 9, N (K) = 22, K = F 4 (x, y 1 , y 2 ) with 
of order 49 and is thus the 7-Sylow subgroup of Gal(E/F ). Consequently, G is contained in the Galois group Gal(E/K) of order 9 · 7
2
. By considering the Artin symbols, we see that the places x and x + 1 split completely in K/F , thus N (K) = 3 · 9 = 27. In order to determine the genus of K, we observe that the place x Thus, K is obtained by a tower of Artin-Schreier extensions. The places x + 1, x + α, and x + α + 1 split completely in K/F , the place x splits into one rational place of K with ramification index 4 and four rational unramified places of K, and the place ∞ is totally ramified in K/F . This example is a member of the family of function fields constructed by Garcia and Stichtenoth [2] . 
All rational places of F except ∞ split completely in the Kummer extension K/F . The only ramified place of K lies over x 4 + 2.
All rational places of F split completely in the Kummer extension K/F . The only ramified places of K are those lying over x 2 + 2 or x 4 + 3x 2 + 3.
The places x − 1, x − 2, x + 1, and x + 2 split completely in the Kummer extension K/F . The only ramified place of K lies over x 4 − 2. This example was given by Serre [19] .
. Consider the cyclotomic function field E = F P 1 P 2 with the irreducible polynomials P 1 = x 2 + 2 and
The places x and ∞ split completely in both K 1 /F and K 2 /F . Let K be the composite field of K 1 and K 2 . 
The places x, x − 1, x − 2, and x − 3 split completely in the Artin-Schreier extension K/F and the place ∞ is totally ramified in K/F . This example was already given in the appendix of [9] . 
